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ABSTRACT
Quantum Chromodynamics (QCD) is believed to describe the strong interac-
tions. In the asymptotic domain of large momenta, improved perturbation theory
describes phenomena by use of point like quarks and gluons. But the spectrum and
wave functions are in the non-perrturbative domain, for which not much can be
done analytically in four dimensions. In order to develop analytical methods physi-
cists turned to simpler models, like QCD2, the theory in one-space and one-time
dimensions.
This review is devoted to the application of bosonization techniques to two
dimensional QCD. We start with a description of the “abelian bosonization”.
The methods of the abelian bosonization are applied to several examples like the
Thirring model, the Schwinger model and QCD2. The failure of this scheme to
handle flavored fermions is explained. Witten’s non-abelian bosonization rules are
summarized including the generalization to the case of fermions with color and
flavor degrees of freedom. We discuss in details the bosonic version of the mass
bilinear of colored-flavored fermions in various schemes. The color group is gauged
and the full bosonized version of massive multiflavor QCD is written down. The
strong coupling limit is taken in the “product scheme” and then in the U(NF×NC)
scheme. Once the multiflavor QCD2 action in the interesting region of the low en-
ergies is written down, we extract the semiclassical low lying baryonic spectrum.
First classical soliton solutions of the bosonic action are derived. Quantizing the
flavor space around those classical solutions produces the masses as well as the fla-
vor properties of the two dimensional baryons. In addition low lying multibaryonic
solutions are presented, as well as wave functions and matrix elements of interest,
like qq¯ content.
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1. Introduction
In this review we discuss methods of writing theories with fermions in terms
of bosonic variables only, with the aim of arriving as close as possible to analytic
solutions of Quantum Chromodynamics (QCD). So far, except for some very special
situations involving very massive objects (see below), these methods have not been
applicable to four dimensional space-time, but have been very successful in the case
of two dimensions.
Bosonic variables describe various interactions that involve bosons as well as
fermions. The interactions of the standard model are all carried by currents which
are bosonic variables. The electro-weak and strong interactions are carried by
SUW (2) × U(1) and SUC(3) currents. In fact, even before QCD, the importance
of weak and electromagnetic currents was realized in terms of Gell-Mann’s cur-
rent algebra.[1,2] This led the way to attempts at expressing the strong energy-
momentum tensor in terms of these currents[3,4], and it turned out to be as a
quadratic form. These approaches were extended to include electromagnetic and
other interactions.[5] However, the coefficient[3] in the energy-momentum tensor
was proportional to the inverse of k, the Kac-Moody level. In four dimensions
the analog is infinite and cut-off dependent. The handling in four dimensions was
not precise. The situation was clarified when two-dimensional models with a non-
abelian symmetry group were considered. It was then found that the coefficient
actually is proportional to the inverse of k + CG, where CG is the second Casimir
operator of the adjoint representation, rather then to the inverse of k.[6,7] This
came out after a careful handling of the operator products by normal ordering.
The exact expression for the energy momentum tensor in terms of currents, first
found in ref. [6] for SU(N) (eqs.(5)&(12) there), is being widely used in conformal
field theory as well as string theory.
Sometime before that, operator product expansions near the light-cone were
investigated [8,9,10]. Products of currents, in this domain, were instrumental in rela-
tion with deep-inelastic scattering of the leptons (e, µ, ν) off hadrons. Afterwards,
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the Thirring model was solved in terms of currents[11] signaling the possibility of
having fermionic theories in terms of bosonic variables.
An important step forward in solving non-abelian gauge theories was achieved
by ’t Hooft,[12]who found the meson spectrum in QCD2 in the limit of large number
of colorsNC , with e
2
cNC fixed. (Many works on that followed, but this is not part of
our review). The baryon spectrum, however, remained unsolved untill the methods
of bosonization were developed.
The start of bosonization was with the now called “abelian bosonization”
of Coleman[13]and Mandelstam,[14]generalized to many fermions by Halpern.[15]
Attempts of solving QCD2 using these schemes met with technical difficulties.
[16]
A fundamental step forward was obtained by Witten[17]introducing “non-abelian
bosonization”. This opened the way to analyzing QCD2 in the semi-classical
limit obtaining the low-lying baryon spectrum,[18,19] multibaryons[20]and matrix
elements of interest, like for example various quarks content.[21]The treatment is in
the spirit of Skyrme model,[22]which in four dimensions is an “educated guess” of
the low energy effective action.[23]A full discussion and references are in the review.
Bosonization techniques have been widely applied and developed in the con-
text of string and superstring theories. The applications varied from bosoniza-
tion of world-sheet fermions in various superstring theories through the bosonic
construction of fermion vertex operators and all the way to the bosonization of
anticommuting and commuting ghost systems of dimension λ, 1− λ. The bosonic
description in the heterotic string motivated the discussion of bosonization of chiral
fermions. Various formulations were suggested for chiral bosons and a large body
of literature deals with this topic. Another development important for string the-
ories was the derivation of bosonization rules for higher genus Reimann surfaces.
The action of the “non-abelian bosonization” which is now referred to as the WZW
model is a very essential tool in the realization of rational conformal fields theories
which relate to the Kac-Moody algebras. Gauged WZW models were invoked to
describe conformal coset space models and led to interesting string models like the
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two dimensional black hole background. Since all these string and conformal field
theory related topics are a large subject matter by themselves and since they are
not directly related to the topic of the present review, they are not discussed here
and the reference list does not cover them.
As for the four dimensional cases, the treatment was in connection with monopole
induced proton decay[24]and fractional charges induced on monopoles by light
fermions.[25] In these cases the light fermions move in the field of a very heavy
particle, so that only the lowest wave is considered, thus obtaining dynamics in
the radial variables only, namely, one space dimension. One can then use the
bosonization techniques. To get a theory on a whole (−∞,∞) line, a “reflection
principle ” was used[25]as the boundary conditions at r = 0 were suitable.
We hope that some of methods discussed in this review will find application
in four dimensional physics, as some feature of the quark content and spectrum
indicate. Let us also mention recent work[26]( that we will not review), to get the
“ constituent quarks” out of the basic QCD2 Lagrangian.
This review is organized as follows. Chapter 2 is devoted to abelian bosoniza-
tion. We start with Mandelstam’s bosonic expressions for free massless Weyl
fermions. The associated chiral currents and energy momentum tensor are dis-
cussed via the corresponding Kac-Moody and Virasoro algebras. The ideas of
bosonization are applied to the examples of the Thirring model and then to mas-
sive fermion. We also describe the coupling of the bosonized theory to an elec-
tromagnetic field, namely, the Schwinger model. Next we introduce flavor degrees
of freedom and mention some related problems. Finally the abelian bosonization
of flavored QCD is written down and discussed. The second topic, presented in
chapter 3, is the non-abelian bosonization of colored-flavored fermions. Witten’s
non-abelian bosonization rules are summarized followed by the generalization for
the case of fermions with color and flavor degrees of freedom. Whereas a consistent
bosonization of the mass term of unflavored fermions is quite straightforward, the
analog for both color and flavor groups, faces some difficulties. It is shown that the
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bosonic mass term in what is referred to as the “product scheme” fails to reproduce
fermionic correlation functions. We then discuss a solution to this difficulty via the
bosonization of U(NF × NC) WZW action at level k = 1. Chapter 4 deals with
the bosonic version of massive multiflavor QCD2. We first describe a “Hybrid”
approach where abelian bosonization is invoked to take care of the color degrees of
freedom and a WZW picture to cope with the flavor ones. Coming back to the full
non-abelian bosonization approach, two prescriptions of gauging the corresponding
WZW action are described. The strong coupling limit is taken in the “product
scheme” and then in the U(NF ×NC) scheme. Once the multiflavor QCD2 action
in the interesting region of the low energies is written down, we devote chapter 5 to
the semiclassical extraction of the low lying baryonic spectrum. Classical soliton
solutions of the bosonic action are derived. Quantizing the flavor space around
those classical solutions produces the masses as well as the flavor properties of the
two dimensional baryons. In addition low lying multibaryonic solutions are pre-
sented. We also review baryonic wave functions and matrix elements of interest,
like various quarks content. Chapter 6 includes a summary of the review together
with some concluding remarks and some open problems.
Notations
We use Minkowski metric with g00 = 1 and g11 = −1. Light-cone coordinates
are written as x± = 1√2(x0 ± x1), and ǫ01 = 1.
1
2T
A are the matrices representing SU(N) generators, with Tr(TATB) = 2δAB.
ec is the QCD2 gauge coupling. It has a dimension of mass, thus being the
analog of the QCD scale in four dimensions.
The constant c appearing in the bosonization formulae is c = 12e
γ ≃ 0.891,
where γ is the Euler constant. c˜ is given by c˜ = c2π .
Acknowledgements: We are greatful to Dr. Eyal Cohen for his help at the very
early stages of the review. One of us (J.S.) would like to thank “the Einstein
Center for Theoretical Physics” of the Weizmann Institute for its support.
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2. Abelian Bosonization
The heart of the bosonization idea is the equivalence of the massless Dirac field
and the massless scalar field in two space-time dimensions. There is a correspon-
dence at the operator level between all operators of one theory and those of the
other. This correspondence allows one to relate also the mass term and possible
interaction terms and thereby to extend the equivalence beyond the free massless
level.
2.1. The Equivalence of the Free Massless Theories
The explicit construction of fermion fields in terms of boson fields is due to
Mandelstam.[14] Left and right Weyl fermions ΨLand ΨR are given by
ΨL =
√
cµ
2π
: exp
[
− i√π
( x∫
−∞
dξπ(ξ) + φ(x)
)]
:
ΨR =
√
cµ
2π
: exp
[
− i√π
( x∫
−∞
dξπ(ξ)− φ(x)
)]
:
(2.1)
where c is a constant. A computation yields c = 12e
γ ∼ 0.891, where γ is the Euler
constant. The normal ordering denoted by : : is performed with respect to the
scale µ.
The equal time commutation relations of the φ-field[
φ(x, t), π(y, t)
]
= iδ(x− y) (2.2)
imply the canonical anti-commutation relations for the Ψ field:
{Ψ†L,R(x, t),ΨL,R(y, t)} = δ(x− y) . (2.3)
as can be verified using the explicit construction eq. (2.1). The fermion field Ψ is
therefore, an inherently non-local functional of the scalar field. However fermion
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bilinears, such as currents or masses, are local functionals. The vector current, for
example
Jµ =: Ψ¯γµΨ :=
−1√
π
ǫµν∂νφ (2.4)
This identificination of Jµ leads automatically to a conserved current
∂µJ
µ = 0
independent of the equations for φ. This is a “topological” conservation, connected
with choosing the “vector conservation” scheme (see also 3.2). In the later applica-
tions, we will demand more freedom in the renormalization of interacting theories,
in particular the possibility to have a vector current anomaly. The bosonization
procedure there will therefore be somewhat modified. The modification will corre-
spond to a change of renormalization scheme.
The overall coefficient of the current is such that the fermion number charge
Q =
∞∫
−∞
dxj0(x) = 1 (2.5)
for the Ψ-field. This is the normalization condition that we will follow throughout.
The equivalence of the bosonic and fermionic descriptions is manifested in the
fact that the two theories have the same current algebra and the same Virasoro
algebra for the energy-momentum. The later is constructed from the currents in a
Sugawara form.
Let us start with the current algebra. In addition to the “topologically” con-
served vector current the bosonic theory has an axial current J5µ =
1√
π
∂µφ which
is the Neother current associated with the invariance of the bosonic action under
the global shift δφ = ǫ. One can then define the left and right chiral currents
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Jµ± = Jµ ± Jµ5 which correspond to shifts with ǫ(x+) and ǫ(x−). Using the com-
mutation relation eqn.(2.2) the following current algebra is found
[
J±(x±), J±(x′±)
]
=
2i
π
δ′(x± − x′±) (2.6)
This is the same algebra as that of the fermionic chiral currents. The algebra of the
currents and the energy-momentum tensor take a more familiar form once expressed
in terms of the Laurant modes of operators. Passing to the euclidean plane, using
complex coordinates z = x+ it, and defining J =
√
πJ−, J¯ =
√
πJ+ one imediately
realizes that the later currents are holomorphic and anti-holomorphic functions
respectively ∂¯J = ∂J¯ = 0. Expanding J in a Laurant series J =
∑
n Jnz
−(n+1)
leads to the Kac-Moody form of the current algebra
[Jn, Jm] = +
i
2
nδn+m,0 (2.7)
and a similar algebra for J¯ . The bosonic energy-momentum tensor which is con-
structed from the chiral currents T±± = π : J±J± : obeys the identical Virasoro
algebra
[
T±(x±), T±(x′±)
]
= 2i
[
T±(x±) + T±(x′±)
]
δ′(x± − x′±)−
i
6π
δ′′′(x± − x′±) (2.8)
which is identical to that of the fermionic energy-momentum tensor. Translation
to the Laurant modes T =
∑
n Lnz
−(n+2) leads to leads to the well known form of
the Virasoro algebra
[Ln, Lm] = (m− n)Lm+n + 1
6
(m− 1)m(m+ 1)δn+m,0 (2.9)
Coupling the theory to an abelian gauge field, the equivalence of the bosonic and
the fermionic formulations can be demonstrated by showing that the corresponding
effective actions are identical. This is presented in section 3 for the non-abelian
case.
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The equivalence of the bosons and the fermion bilinears is not only mathemat-
ical. The fermion Fock-space contains those bosons as physical states.[11,13] The
reason for this is that in one space dimension a massless field can move either to
the left or to the right. A Dirac fermion and its anti-particle having together zero
fermionic charge and moving in the same direction will never separate. They are
therefore indistinguishable from a free massless boson. This picture changes when
masses are introduced, and the above relations will be approached at energies high
compared to the mass scale.
2.2. The Thirring Model
The Thirring model is a current-current interaction, given by the Lagrangian
density[27]
L = iΨ¯ 6∂Ψ− 1
2
gJµJµ (2.10)
where Jµ = :Ψ¯γµΨ: . The model is exactly solvable
[28,29] and meaningful for
g > −π. Dell’Antonio, Frishman and Zwanziger[11] studied the model further by
means of the operator product expansion on the light-cone. They expressed the
fermionic bilinears of the model as function of the current, and obtained expressions
which seem very natural in the light of the bosonization procedure which was
discovered later. The limit of g > −π ( see also eq. (2.13) ) follows from the
scheme a = 1 in ref.[11], namely that Ψ has a vector charge one.
Following Mandelstam[14], we generalize the bosonization formula (1) to include
a parameter β, whose role will become clear later.
ΨL =
√
cµ
2π
: exp
[
− i√π(2
√
π
β
x∫
−∞
dξπ(ξ) +
β
2
√
π
φ(x))
]
:
ΨR =
√
cµ
2π
: exp
[
− i√π(2
√
π
β
x∫
−∞
dξπ(ξ)− β
2
√
π
φ(x))
]
:
(2.11)
The equal-time anti-commutation relations are still obeyed. Eq. (3) for the
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vector current is now modified to:
Jµ = − β
2π
ǫµν∂νφ , (2.12)
where the normalization corresponds again to the charge being the fermion number
appropriate to the field Ψ. Eq. (2.11) provides the operatoric solution to the
Thirring model where Ψ is a free massless field. The constant β is related to the
coupling constant g through the formula[13]
β2
4π
=
1
1 + g/π
(2.13)
Eq. (2.12) implies that the central term in the Kac-Moddy algebra will be β
2
4π2 , as
compared to the 1π of the free case.
The analogy between the fermionic and bosonic theory therefore holds even
when an interaction is introduced. The equivalent bosonic theory is still free,
however.
2.3. Abelian Bosonization of the mass term
We now introduce a mass term for the fermion. The mapping to a bosonic
theory still holds. Moreover, its form is precisely (2.15) below. The bosonic field
will now be interacting, and the interaction will be precisely the mapping of the
fermionic mass term.
The definition of the mass term, as that of the current, requires some care due
to the appearance of the products of operators at the same point. In fact, when x
approaches y one gets[14] the operator product expansion
Ψ†R(x)ΨL(y) =
cµ
2π
|cµ(x− y)|δ : e−iβφ :
Ψ†L(x)ΨR(y) =
cµ
2π
|cµ(x− y)|δ : eiβφ :
(2.14)
where δ = − g2π (1 + β
2
4π ). The proper fermion mass term will therefore be defined
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by
limy→x
∞∫
−∞
dx |cµ(x− y)|−δmΨ¯(x)Ψ(y) = cµ
π
m
∞∫
−∞
dx : cosβφ(x) : (2.15)
With µ chosen such that m = µπcβ2 , the mass term transforms in the bosonic lan-
guage to
∆L = µ
2
β2
: cosβφ :
We remind the reader that the normal ordering is performed with respect to µ.
The bosonic model at which we arrived is the Sine-Gordon interaction. The
classical Sine-Gordon model admits a soliton solution. It is time-independent and
interpolates between adjacent wells of the scalar potential with finite energy. In
the quantum theory this classical solution becomes a particle. (For a review of the
Sine-Gordon system see ref.[30]. The classical equation of motion is
φ”− µ
2
β
sin(βφ) = 0 (2.16)
The static soliton solution is given by
φ =
4
β
tan−1[expµ(x− x0)]
where x0 is the “center” of the soliton.
Using eq. (2.5) we can compute the fermionic number of this solution. It is
given by
Q =
β
2π
[
φ(∞)− φ(−∞)] = 1 (2.17)
The fermion has therefore a direct physical interpretation as the Sine-Gordon soli-
ton.
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It is interesting to note a remarkable property of eq. (2.13) which relates
the coupling constants of the Thirring model and its bosonic equivalent, the Sine-
Gordon model. The weak coupling of one theory is the strong coupling of the other.
This property occurs often in bosonized theories and hints at the usefulness of the
method in dealing with theories at strong coupling, where perturbative methods
tail.
2.4. The Massive Schwinger Model
The bosonization technique has turned out to be a useful tool in the investiga-
tion of other two dimensional models. Our next example is the massive Schwinger
model.[31,32] The Lagrangian of this model is given by
L = −1
4
FµνF
µν + Ψ¯(i 6∂ − e 6A −m)Ψ (2.18)
As is well-known, the gauge field in two space-time dimensions is not dynamical.
Following Coleman[32] we choose the axial gauge A1 = 0, and the other component
A0 can be solved as a function of the electric current. The resulting electric field
will be
F01 = e∂
−1
1 j0 +
eθ
2π
Jµ =: Ψ¯γµΨ : (2.19)
θ is a new parameter in the theory. It is a vacuum angle, analogous to the vacuum
angle due to instanton tunnelling in 4-dimensional QCD. It is the conjugate to the
winding number, appearing in two dimensions for the abelian case, as follows from
Π1[U(1)] = Z ( looking at a circle of large radius in the two dimensional plane).
Physics is invariant under θ → θ + 2π. From the expression above it is clear that
eθ
2π corresponds to a background electric field. The periodicity is due to the ability
to produce electron-positron pairs is the vacuum when | eθ2π | > 12e, and these pairs
create their own electric field which reduces the original one.
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The Hamiltonian density in our gauge is
H = Ψ¯(iγ1∂1 +m)Ψ + 1
2
(F01)
2 (2.20)
Bosonizing the current according to eq. (2.4) we find
H =:
[
1
2
π2 +
1
2
(∂1φ)
2 − cm
2
π
cos(2
√
πφ) +
e2
2π
(
1
2
θ√
π
− φ
)2]
: (2.21)
where the normal ordering is with respect to the mass m.
After a shift in the definition of φ
φ→ φ+ 1
2
θ√
π
(2.22)
and normal ordering with respect to µ2 = e2/π one finds
H =:
[
1
2
π2 +
1
2
(∂1φ)
2 +
1
2
µ2φ2 − cmµ
π
cos(θ + 2
√
πφ)
]
: (2.23)
From this expression the periodicity in θ is manifest. In the strong coupling limit,
the bosonized form of the Hamiltonian is very useful. The theory contains a meson
of a mass that is approximately µ, and depending on the value of θ, the number
of excitations of that meson is zero, finite or infinite.
For convenience, we will denote
c˜ =
c
π
(2.24)
from here on.
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2.5. Bosonization of Flavored fermions
So far we have treated the case of one fermion flavor. The several flavor case
is in fact more subtle than it appears at first sight, due to the different realization
of global symmetries in the fermionic or bosonic languages. In the next chapter
a “natural” scheme for bosonizing flavoured fermions, the “non-abelian bosoniza-
tion”, will be introduced. Here we review the “abelian bosonization” attemps.
Flavor was first introduced in the bosonization procedure by Halpern.[15]The
straightforward application of the procedure in eq. (2.1) for each one of the flavors
will result in commuting fields Ψ for different flavors. They can be made anti-
commuting by the introduction of a phase factor K defined as a function of the
fermion fields on which it acts.
Ki =
∏
j<i
(−1)nj (2.25)
where i, j = 1, · · · , NF are flavor indices. nj is the number of fermi fields with
index j on which Ki acts. The bosonization formula eq. (1) is modified to
ΨiL =
√
cµ
2π
Ki : exp
[
− i√π
( x∫
−∞
dξφ˙i(ξ) + φi(x)
)]
:
ΨiR =
√
cµ
2π
Ki : exp
[
− i√π
( x∫
∞
dξφ˙i(ξ)− φi(x)
)]
:
(2.26)
This method of bosonization, when applied to the flavored Thirring model, for ex-
ample, transforms a fermionic system whose symmetry is U(NF ) to a bosonic sys-
tem whose manifest symmetry is only [U(1)]NF , corresponding to adding constant
values to the φ fields and discrete PNF . The scalar fields transform non-linearly un-
der the isopin, as induced from eqs. (2.26) and the linear transformation properties
of the Ψs. The isopin quantum numbers of the soliton solutions are of topological
nature.[15] In the next chapter we will discuss the non-abelian U(NF ) bosonization,
where the full group structure remains manifest.
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The flavored Thirring model, both massless and massive, was thoroughly in-
vestigated by Dashen and Frishman.7In particular, they derived a “Sugawara-like”
expression for the energy-momentum tensor in terms of the currents. They sepa-
rated the energy-momentum tensor into a singlet part T
(B)
µν , and an SU(NF ) part
T
(V )
µν .
Tµν = T
(B)
µν + T
(V )
µν
T
(B)
µν =
1
2C˜0
[
2 : JµJν : −gµν : JλJλ :
]
T
(V )
µν =
1
2C˜1
[
2 : JAµ J
A
ν : −gµν : JAλ JAλ :
] (2.27)
C˜0, C˜1 are constants.
C˜0 = C0 is the coefficient of the Schwinger term in the equal-time continuation
relation of the single vector current. In light cone coordinates[
J±(u), J±(u′)
]
= 2iC0δ
′(u− u′) (2.28)
It is equal to NFπ in the free field case, and in general serves as a normalization of
the current. C˜1 =
NF
2π + C1, where C1 is the coefficient of the Schwinger term in
the equal-time communication relation of the SU(NF ) vector currents.[
JA±(u), J
B
± (u
′)
]
= 2ifABCJC+ (u)δ(u− u′)+
+ 2iC1δ
ABδ′(u− u′)
(2.29)
fABC being the SU(NF ) structure constants. It turns out that C1 =
1
2π and thus
C˜1 =
NF + 1
2π
(2.30)
The singlet energy momentum tensor equal-time commulates contains Schwinger-
type anominaly due to the normal ordering[
T
(B)
+ (u), T
(B)
+ (u
′)
]
= 2i
[
T
(B)
+ (u) + T
(B)
+ (u
′)
]
δ′(u− u′)− i
6π
δ′′′(u− u′) (2.31)
So does the T V , with a factor of (NF−1) multiplying the δ′′′ factor. The coefficient
17
1
2C˜1
in eqn.(2.27) for T
(V )
µν , was first obtained correctly in ref.[7]. The original
expression of Sugawara[3,4] did not include the part NF in C˜1, which comes froom
carefull normal ordering of the products of currents in the expressions for the
energy-momentum ( what comes up is actually the quadratic Casimir of the adjoint
representation, which for SU(NF ) is equal to NF ). Eqs. (2.27) are of basic use in
conformal field theories as well as string theories.
2.6. Abelian Bosonization of flavored QCD2
Let us now apply the prescription fo flavored Dirac fermions for the analysis
of QCD2. It is convenient to start with the following Hamiltonian
[33] [34]
H = (ec)
2
NC∑
a,b=1
(Eab )
2 +
NC∑
a,b=1
NF∑
i=1
Ψ¯aiγ1(iδ
b
a∂1 −Aba)Ψbi +m
NC∑
a=1
NF∑
i=1
Ψ¯aiΨai (2.32)
in the gauge
A0 = 0; A
a
b = 0 for a = b; E
a
b = 0 for a 6= b (2.33)
The Gauss law of the system is given by
∂1E
a
b = i[A,E]
a
b +
1
2
NF∑
i=1
Ψ†aiΨbi −
δab
2NC
NF∑
i=1
NC∑
d=1
Ψ†diΨdi (2.34)
Bosonizing now the various parts of the Hamiltonian one then gets :
H = H0Ψ +HE −HI
H0Ψ = Σai
[
1
2 [π
2
ai + (∂1φai)
2] +
cmµ
π
: (1− cos2√πφai) :
]
HE =
e2c
8πNc
∑
ab
[
∑
i
(φai − φbi)]2
HI =
2c2µ2
π
3
2
Σa 6=bΣijKij,abNµ[cos
√
π
x∫
−∞
(πai − πaj + πbj − πbi)(ξ)dξ]
[sin
√
π(φai + φaj − φbj − φbi)(ξ)][
∑
(φka − φkb)]−1
(2.35)
H0Ψ is the free “fermionic” part, after bosonization, thus in terms of bosonic vari-
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ables. HE is the first term of the Hamiltonian eqn. (2.32) rewritten in terms of
the boson variables corresponding to the fermions, by eliminating the electric fields
through the Gauss law. Thus although originally coming from the kinetic part of
the gauge potentials, it actually involves the interactions. This is a result of the
fact that there are no transverse vectors in 1+1 dimensions. Kabij is the generalized
ordering operator (below).
In the case of one flavor, i = j = 1, HI does not involve the π variables. This
is the case that first appeard in [33]. The generalization to many flavors, as in
ref.[34], did not have the HI correctly ( for example the π′s did not appear at all).
The full expression first appears in ref. [16] , where the reader can also find the
definition of Kabij ( generalizing the Ki of eqn.(2.26) ).
The interaction term involves non-local terms which relate to colour non-
singlets. For static and ec → ∞ approximation one finds[16] that for NF = 2
the interaction is field independent. For NF ≥ 3, on the other hand, the limit
is singular. This singularity should not be there in the predictions of physical
quantities, but it renders further treatment very complicated.[16]
It is thus clear that a different method of bosonization is required for the treat-
ment of flavored QCD2. In the following chapters it will be shown that the so called
“non-abelian bosonization” which was introduced by Witten[17]is an adequate tool
for this purpose.
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3. Non-Abelian Bosonization of colored flavored Fermions
3.1. Introduction
The non-abelian bosonization introduced by Witten is a set of rules assigning
bosonic operators to fermionic ones, in a theory of free fermions invariant under
a global non-abelian symmetry. In [17] the symmetry considered was O(N) The
bosonic operators are not expresed in terms of free bosonic fields like in the abelian
bosonization but rather in terms of interacting group elements. In particular,
bosonic expressions can be written for the energy-momentum tensor, the various
chiral currents, the mass term and the complete action.
3.2. Witten’s Non-abelian bosonization
Let us start with N free Majorana fermions governed by the action
SΨ =
i
2
∫
d2x(Ψ−k∂+Ψ−k +Ψ+k∂−Ψ+k) (3.1)
where Ψ−,Ψ+ are left and right Weyl-Majorana spinor fields, ∂± = 1√2(∂0 ± ∂1)
and k = 1, ....N . The corresponding bosonic action is the Wess-Zumino-Witten
(WZW) action:
S˜[u] =
1
2
S[u]
S[u] =
1
8π
∫
d2xTr(∂µu∂
µu−1) +
1
12π
∫
B
d3yεijkTr(u−1∂iu)(u−1∂ju)(u−1∂ku)
(3.2)
where u is a matrix in O(N) whose elements are bosonic fields. The second term,
the Wess-Zumino (WZ) term,[35] is defined on the ball B whose boundary S is
taken to be the euclidian two dimensional space-time. Now, since π2[O(N)] = 0, a
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mapping u from S into the O(N) manifold can be extended to a mapping of the solid
ball B into O(N). The WZ term however is well-defined only modulo a constant.
It was normalized so that if u is a matrix in the fundamental representation of
O(N) the WZW term is well defined modulo WZ →WZ + 2π. The source of the
ambiguity is that π3[O(N)] ≃ Z, namely there are topologically inequivalent ways
to extend u into a mapping from B into O(N).
The bosonic action is invariant under the chiral OL(N) × OR(N) symmetries
just as the fermionic action. The associated transformations are:
u→ u′ = Au u→ u′ = uB A,B ⊂ O(N). (3.3)
In fact, the invariance holds also for transformation with A(x+) and B(x−), leading
to the Kac-Moody algebras of left and right currents. The discussion of this algebra
and the associated currents will be postponed to the next section.
The action (3.2) is conformaly invariant as well. This property was proven by
Witten17 who originally showed that if one generalizes (3.2) by taking a coupling
1
4λ2 as a coefficient of the first term and
k
24π of the WZ term (k integer), the β
function associated with λ is given at the one loop level by
β ≡ dλ
2
dlnΛ
= −(N − 2)λ
2
4π
[1− (λ
2k
4π
)2], (3.4)
namely eq.(3.2) is at a fixed point λ2 = 4πk and hence exhibits conformal invariance.
By showing that the energy momentum tensor obeys the Virasoro algebra, one can
show that this property is in fact exact.
The bosonic picture for the theory of N free massless Dirac fermions is built
from a boson matrix g ⊂ SU(N) and a real boson φ. The bosonized action has
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now the form
S[g, φ] = S[g] + 12
∫
d2x∂µφ∂
µφ
The construction of the WZ term discussed above applies just as well to the
SU(N) case. Transformation with respect to global SUL(N) × SUR(N) × U(1),
SUR(N) × SUL(N) × U(1) Kac-Moody, and conformal transformations leave the
action invariant. One way to prove the equivalence of the theories now, for N free
massless Dirac fermions and the k = 1 WZW theory on U(N) group manifold, is
by showing that the generating functional of the current Green functions of the
two theories are the same. For the fermions we have
eiWΨ(Aµ) =
∫
(dΨ+dΨ−dΨ¯+dΨ¯−)ei
∫
d2xΨ¯i 6D Ψ (3.5)
where here Dµ = ∂µ + iAµ, Aµ = A
A
µ (
1
2T
A) + A
(1)
µ × 1 and (12TA) ⊂ SU(N).
WΨ(Aµ) was calculated by Polyakov and Weigmann
[36] in a regularization scheme
which preserves the global chiral SU(NL)×SU(NR) symmetry and the local U(1)
diagonal symmetry, [37] [38] leading to
WΨ(Aµ) = −S[A˜]− S[B˜]− 1
4πN
∫
d2xA
(1)
µ A
µ(1) (3.6)
where A˜, B˜ ⊂ SU(N) are related to the gauge fields AAµ by iAA+ = (A˜−1∂+A˜)A, iAA− =
(B˜−1∂−B˜)A.
In the bosonic theory one calculates
eiWB(A
A
µ ) =
∫
[du]eiS[u]+i
∫
d2x(JB−A
B
++J
B
+A
B
−)
eiWB(A
(1)
µ ) =
∫
[dφ]e
i
2
∫
d2x[(∂φ)2+(J−A
(1)
+ +J+A
(1)
−
)]
(3.7)
where JB+A
B− and J+A
(1)
− are the appropriate parts of
i
4πTr[(g
−1∂+g)A−], and
similarly for the (− +) case and with A(1)± = Tr(A±). This functional integrals
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can be performed exactly,[37]leading to
WB(A
A
µ ) = −S[A˜]− S[B˜] WB(A(1)) = −
1
4πN
∫
d2xA
(1)
µ A
µ(1) (3.8)
Thus the bosonic current Green functions are identical to those of the fermionic
theory, the latter regulated in the way mentioned above. That S[u] of eqn.(3.2)
leads to correlation functions for the currents in the left-right symmetric scheme,
can be seen directly[38] without performing the functional integral explicitly.
3.3. Non-Abelian bosonization of Dirac fermions with color and
flavor
In his pioneering work on non-abelian bosonization Witten [17] also proposed
a prescription for bosonizing Majorana fermions which carry both NF “flavors”
as well as NC “colors”, namely transform under the group [O(NF ) × O(NC)]L ×
[O(NF )× O(NC)]R. The action for free fermions is
SΨ =
i
2
∫
d2x(Ψ−ai∂+Ψ−ai +Ψ+ai∂−Ψ+ai) (3.9)
where now a=1,....NC , i=1,.....NF are the color and flavor indices respectively. The
equivalent bosonic action is
S˜[g, h] =
1
2
NcS[g] +
1
2
NFS[h] (3.10)
The bosonic fields g and h take their values in O(NF ) and O(NC) respectively and
S[u] is the WZW action given in (3.2) .
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The bosonization dictionary for the currents was shown to be:
J+ij =: Ψ+aiΨ+aj :=
iNC
2π
(g−1∂+g)ij J−ij =: Ψ−aiΨ−aj :=
iNC
2π
(g∂−g−1)ij
(3.11)
J+ab =: Ψ+aiΨ+bi :=
iNF
2π
(h−1∂+h)ab J−ab =: Ψ−aiΨ−bi :=
iNF
2π
(h∂−h−1)ab
(3.12)
where : : stands for normal ordering with respect to fermion creation and anihi-
lation operators. As for the bosonic expressions for the currents, regularization is
obtained by subtracting the appropriate singular parts.
This procedure was already used in connection with the Thirring model in
ref. [11], and for the case at hand in ref.[39]. It is actually much older, as in
Schwinger’s “point splitting” technique[40] , and in general from Wilson’s operator
product expansion.[41]
In terms of the complex coordinates z = ξ1+iξ2, z¯ = ξ1−iξ2 (where ξ1 and ξ2
are complex coordinates spanning C2, and the Euclidian plane (ξ1 → x, ξ2 → −t)
and Minkowski space-time (ξ1 → x, ξ2 → −it) can be obtained as appropriate real
sections), one can express the currents as
J(z)ij ≡ πJ−ij = iNC
2
(g∂zg
−1)ij J¯(z¯)ij ≡ πJ+ij = iNC
2
(g−1∂z¯g)ij (3.13)
and similarly for the colored currents.
In a complete analogy the theory of NF ×NC Dirac fermions can be expressed
in terms of the bosonic fields g, h, e
−i
√
4pi
NFNC
φ
now in SU(NF ), SU(NC) and U(1)
group manifolds respectively. [42,43] The corresponding action is now:
S[g, h] = NCS[g] +NFS[h] +
1
2
∫
d2x∂µφ∂
µφ (3.14)
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This action is derived simply by substituting ghe
−i
√
4pi
NCNF
φ
instead of u in (3.2).
As for the equivalence between the bosonic and fermionic theories, we note that
in both theories the commutators of the various currents have the same current
algebra, and the energy-momentum tensor is the same when expressed in terms of
the currents. But the situation changes when mass term are introduced ( see next
section 3.4). The bosonization rules for the color and flavor currents are obtained
from (3.11) and (3.12) by replacing the Weyl-Majorana spinors with Weyl ones,
and in addition we have the U(1) current
J (1)(z) ≡ √πJ (1)− = : Ψ†−aiΨ−ai :=
√
NFNC
π
∂−φ
J¯ (1)(z¯) ≡ √πJ (1)+ = : Ψ†+aiΨ+ai :=
√
NFNC
π
∂+φ
(3.15)
The Kac-Moody algebras are given by:
[JAn , J
B
m] = if
ABCJCn+m +
i
2
knδABδn+m,0 (3.16)
where JA = Tr(TAJ), TA the matrices of SU(NC), k = NF for the colored
currents and J(z) is expanded in a Laurent series as J(z) =
∑
z−n−1Jn. Similar
expression will apply for the flavor currents with T I the matrices of SU(NF ), and
the central charge k = NC instead of NF . The commutation relation forJ¯(z¯) will
have the same form.
Generalizing the case of SU(N)×U(1)[7] to our case, the Sugawara form[3] for
the energy momentum tensor of the WZW action is given by:
T (z) =
1
2κC
∑
A
: JA(z)JA(z) : +
1
2κF
∑
I
: JI(z)JI(z) :
+
1
2κ
: J (1)(z)J (1)(z) :
(3.17)
where the dots denote normal ordering with respect to n (n > 0 meaning anihi-
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lation). The κ’s are constants yet to be determined. In terms of the Kac-Moody
generators this can be written as
Ln =
1
2κC
∞∑
m=−∞
: JAmJ
A
n−m : +
1
2κF
∞∑
m=−∞
: JImJ
I
n−m :
+
1
2κ
∞∑
m=−∞
: J
(1)
m J
(1)
n−m :
(3.18)
Now, by applying the last expression on any primary field φl we can get a set of
infinitely many “null vectors”of the form
χnl = [Ln −
1
2κC
0∑
m=n
: JAmJ
A
n−m : −
1
2κF
0∑
m=n
: JImJ
I
n−m : −
1
2κ
0∑
m=n
: J
(1)
m J
(1)
n−m :]φl
(3.19)
for any n ≤ 0 (for n > 0 holds immediatelly). Since each of these vectors must
certainly be a primary field, Lmχ
n = JAmχ
n = JImχ
n = Jmχ
n = O for m > 0 holds.
This leads to expressions for the various κ, for the central charge c of the Virasoro
Algebra and for the dimensions of the primary fields ∆l = ∆l+ +∆l−, in terms of
NC , NF and the group properties of the primary fields:
κC = κF =
1
2
(NC +NF ), κ = NFNC (3.20)
c =
NC(N
2
F − 1)
(NC +NF )
+
NF (N
2
C − 1)
(NC +NF )
+ 1 = NFNC . (3.21)
∆l± =
(c2l±)
F
(NF +NC)
+
(c2l±)
C
(NF +NC)
+
(c2l±)
(1)
NCNF
(3.22)
where (c2l±)
C is the eigenvalue of the SUR,L(NC) second Casimir operator in the
representation of the primary field φl, namely (
1
2T
A)(12T
A) = (c2l )
CI, and similarly
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for the flavor group. In the cases of SU(NC) and SU(NF ) the discussion applies
to ∆l+ or ∆l− separately, with C2l+ and C
2
l− respectively. For the U(1) factor we
discuss only the total dimension, as we do not wish to enter here into the issue
of chiral bosons ([44,45] and references therein). Note that the expressions for κF
and κC of eqn. (3.20) are an immediate generalization of ref.[7] in which the group
SU(N) was discussed with central term equal to one. There the factor was N +1,
the N being the second Casimir of the adjoint representation, and the 1 being the
central term.
The equivalence of the bosonic and fermionic Hilbert spaces was demonstrated
by showing that the two theories have the same current algebra (Kac-Moody alge-
bra), and that the energy-momentum tensor can be constructed from the currents
in a Sugawara form. Goddard et al [46] showed that a necessary and sufficient
condition for such a construction of the fermionic T (z), in a theory with a sym-
metry group G, is the existence of a larger group G ⊂ G′ such that G′/G is a
symmetric space with the fermions transforming under G just as the the tangent
space to G′/G does. Based on this theorem they found all the fermionic theories
for which an equivalent WZW bosonic action can be constructed. The cases stated
above fit in this category. Note in passing that this does not hold for cases where
the symmetry group includes more non abelian group factors, like for example
SU(NA)× SU(NF )× SU(NC)× U(1). [47]
The prescription eqn. (3.14) described above , for the bosonic action that is
equivalent to that of colored and flavored Dirac fermions, is by no means unique.
In fact it will be shown that this prescription will turn out to be inconvenient
once mass terms are introduced. Another scheme, based on the WZW theory of
U(NFNC) will be recommended.
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3.4. The bosonization of a mass bilinear of Dirac fermions
A further bosonization rule has to be invoked for the mass bilinear. For a
theory with a U(N) symmetry group the rule is the following:
Ψ†l+Ψ−j = c˜µNµg
l
je
−i
√
4pi
N
φ (3.23)
where Nµ denotes normal ordering at mass scale µ . The fermion mass term
mqΨ¯
iΨi is therefore
m
′2Nµ
∫
d2xTr(g + g†) (3.24)
where m
′2 = mq c˜µ, mq is the quark mass, and c is the same constant as in eqn.
(2.1). It is straightforward to show that the above bosonic operator transforms
correctly under the U(N)L ×U(N)R chiral transformations. On top of that it has
the correct total dimension
∆ = ∆g +∆φ = (
N − 1
N
+
1
N
) = 1 (3.25)
where ∆g =
N−1
N and ∆φ =
1
N are the dimensions associated with the SU(N) and
U(1) group factors respectively. Moreover it was explicitly shown that the four
point function
G(zi, z¯i) =< g(z1, z¯1)g
−1(z2, z¯2)g−1(z3, z¯3)g(z4, z¯4) > (3.26)
is given by[39]:
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G(zi, z¯i) = [(z1 − z4)(z2 − z3)(z¯1 − z¯4)(z¯2 − z¯3)]−∆gG(x, x¯) (3.27)
G(x, x¯) is the following function of the harmonic quotients
x = (z1−z2)(z3−z4)(z1−z4)(z3−z2) and x¯ =
(z¯1−z¯2)(z¯3−z¯4)
(z¯1−z¯4)(z¯3−z¯2) ,
G(x, x¯) = [xx¯(1− x)(1− x¯)] 1N × [I1 1
x
+ I2
1
1− x ][I¯1
1
x¯
+ I¯2
1
1− x¯ ], (3.28)
where I1, I2, I¯1, I¯2 are group invariant factors. This result for the correlation func-
tion, combined with the U(1) part gives an expression identical to that for the
fermionic bilinears. Moreover the result can be generalized to an n-point function.
The method of computing four point functions in conformally invariant theories
was suggested already in ref. [7].
3.5. Bosonization of mass bilinears in the product scheme
A natural question here is how to generalize the rule (3.23) to theories given
by (3.10) and its analog for the case of SU(NF )× SU(NC)×U(1) given in (3.14).
We call the latter the product scheme. It was argued that the bosonization rule
for the latter case is [42]
Ψ†ai+ Ψ−bj = c˜µNµg
i
jh
a
be
−i
√
4pi
NFNC
φ
(3.29)
Consequently, the bosonic form of the fermion mass term mqΨ¯
iaΨia is therefore
m
′2Nµ
∫
d2x(TrgTrh+ Trh†Trg†)e
−i
√
4pi
NFNC
φ
(3.30)
with m
′2 = mq c˜µ. Once again the bosonic operator (3.29) has the correct chiral
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transformations and the proper dimension:
∆ = ∆g +∆h +∆φ =
N2F − 1
NF (NF +NC)
+
N2C − 1
NC(NC +NF )
+
1
NCNF
= 1 (3.31)
Unfortunately, the explicit calculation of the four point function[39] reveals a dis-
crepancy between the fermionic and bosonic results. This can actually be un-
derstood directly. Since g and h are fields defined on entirely independent group
manifolds, then (ignoring for a moment the U(1) factor) the analog of (3.26) can
be written as :
< g(z1, z¯1)g
−1(z2, z¯2)g−1(z3, z¯3)g(z4, z¯4) >< h(z1, z¯1)h−1(z2, z¯2)h−1(z3, z¯3)h(z4, z¯4) >
(3.32)
This expression differs from the corresponding fermionic Green’s function in at
least two aspects: (i) It includes independent “contractions” for the g and h factors,
whereas in the fermionic correlation function the flavor and color contractions are
correlated. (ii) The result (3.28) is true only for a bosonic field associated with
Kac-Moody central charge k = 1 . For g and h, however, the central charges are
NC and NF respectively. For such cases the expression for the Green’s function
is much more complicated (expressed in terms of hyper-geometric functions) and
does not resemble the case of free fermions.
3.6. Bosonization using the U(NF ×NC) WZW action
It is clear from the previous discussion that the bosonization prescription for
our case needs an alteration. Apriori there can be two ways out: modifying the
rule for the bosonization of the mass bilinear or using a different bosonic theory
altogether. As for the first approach, eq. (3.29) preserves the proper chiral trans-
formation laws under the product group SU(NF )× SU(NC)×U(1) as well as the
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correct dimension, and therefore the number of possible modifications is very lim-
ited. For example one might think of multiplying the expression in eq. (3.29) by
an operator which is a chiral singlet under the above group, with zero dimension.
We do not know of such a modification. It may possibly be non-local. Therefore
we are going to try a different bosonic theory than eq. (3.14) . The symmetry of
the free fermionic theory can actually be taken as UL(NF ×NC)× UR(NF ×NC)
rather than [SU(NF ) × SU(NC) × U(1)]L × [SU(NF ) × SU(NC) × U(1)]R. The
natural bosonic action is hence a WZW theory of u ⊂ U(NFNC) and with k = 1 .
The action will be given by eqn. (3.2). The currents are now
J(z)αβ =
i
2
(u∂zu
−1)αβ J¯(z¯)αβ =
i
2
(u−1∂z¯u)αβ (3.33)
with α, β running from 1 to NF × NC . The formulas (3.11-3.12) can be obtained
from (3.33) by appropriate traces, over color for (3.11) and over flavor for (3.12).
The mass bilinear is now
Ψ†+αΨ−β = c˜µNµuαβ (3.34)
which is as (3.23) but with the U(1) term absorbed in u.
Clearly the requirement for Sugawara construction of T, for proper chiral trans-
formations of all the operators and for a correct dimension for the mass bilinear
are fulfilled. Since now the flavor and color degrees of freedom are attached to
the same bosonic field, the previous “contraction problem” in the n point func-
tions is automatically resolved. Moreover as stated above the four-point function
and in fact any Green’s function will now reproduce the results of the fermionic
calculation .
The currents constructed from u obey the Kac-Moody algebra with k = 1.
The color currents, for instance, are JA = Tr(TAJ), where TA are expressed as
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(NCNF )×(NCNF ) matrices defined by λA⊗1, with λA the Gell-Mann matrices in
color space and 1 stands for a unit NF ×NF matrix. The central charge is k = NF .
The same arguments will apply for the flavor currents, now with k = NC . The
central charge for the U(1) current is NCNF .
To see the difference between the present theory and the previous one let us
express u in terms of (NFNC)× (NFNC) matrices g˜, h˜ and l˜ in SU(NF ), SU(NC)
and the coset-space SU(NF × NC)/{SU(NF ) × SU(NC) × U(1)} respectively,
through u = g˜h˜l˜e
−i
√
4pi
NCNF
φ
. Using the formula for expressing an action of the
form S[AgB−1] [36] we get:
S[u] = S[g˜h˜l˜] +
1
2
∫
d2x∂µφ∂
µφ
S[g˜h˜l˜] = S[g˜] + S[l˜] + S[h˜] +
1
2π
∫
d2xTr(g˜†∂+g˜l˜∂−l˜† + h˜†∂+h˜l˜∂−l˜†)
(3.35))
We can now choose l˜ = l so that l∂−l† will be spanned by the generators that
are only in SU(NF × NC)/{SU(NF ) × SU(NC) × U(1)}. This can be achieved
by taking u˜ = g˜h˜l˜ ( namely u but without the U(1) part), and then taking for
h˜ = h⊗1 a solution of the equation ∂−hh† = 1NF TrF [(∂−u˜)u˜†] , and similarly for g
with 1NC TrC . These are also the conditions that the flavor currents be expressed
in terms of g˜ and the color currents in terms of h˜. For this choice, the mixed term
in the action (3.35) , the one involving products of l˜′s with g˜′s or h˜′s is zero, and
so the new action is
S[u] = NCS[g] +NFS[h] +
1
2
∫
d2x∂µφ∂
µφ+ S[l] (3.36))
Note that l is still an SU(NCNF ) matrix while g and h are expressed now as
SU(NF ) and SU(NC) matrices respectively, but the matrix l involves only products
of clolor and flavor matrices (not any of them separatelly).
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4. Bosonized Massive Multiflavor QCD2
In the last chapter we derived the bosonization rules for massive fermions which
transform under flavor and color symmetry groups. Here we develop the bosonic
version of multiflavor massive QCD2. Applying the strong coupling limit we deduce
the low energy effective action.[18,19] In the product scheme[18] this effective action
comes out to depend on color singlet variables only, the g’s. It presents a derivation
for a two dimensional “Skyrme model”,[22]which in four dimensions was not derived
directly,[23]but argued on general grounds.
4.1. The “Hybrid” approach
Before proceeding to gauge the color symmetry group of the colored flavored
WZW model, we describe briefly another approach introduced by Gepner [48] in
which the flavor sector appears in the form of a WZW model but for the color
degrees of freedom the gauged abelian bosonization is invoked. Recall the multi-
flavor QCD2 in the abelian formulation (see section 2.6). In the gauge eqn.(2.32)
one can use the Gauss law eqn. (2.33) to express the gauge fields in terms of
the appropriate fermionic bilinears, which translate into bosonic group elements as
follows:
∂1ea =
√
πΣiΨ
†iaΨia =
i√
π
∂1Trlogga (4.1)
where ga ∈ U(NF ) is one out of NC such matrices, and ea connects to the original
electric fields by 2
√
πEaa = (ea − 1NCΣkek). One can now use again eqn. (2.33)
again to also express Aba for a 6= b in terms of fermion densities. Inserting these
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into the QCD2 Hamiltonian given in eqn. (2.31) Gepner gets
[48]
H =H0 +HI
HI =−
∑
a,b
(ec)
2
32π2NC
[Trlog(gag
−1
b )]
2 −
∑
a,b
πµ2
Tr(gag
−1
b )
Trlog(gag
−1
b )
+
∑
a
mcµ
√
NFTr(ga)
(4.2)
H0 includes the fermion kinetic term. For NF = 2 the potential is free from
singularities, for NF ≥ 3 it is not. In ref. [48] the case of NF = 2 was analyzed
thouroghly deducing the corresponding low lying baryonic spectrum. In the present
review the full WZW is emphazied, so we refer the reader to [48] for details in the
framework of the “Hybrid ” approach.
4.2. Gauging the WZW action
Coming back to the full WZW description of colored and flavored fermions, the
next step toward the bosonized version of QCD2 is obviously the introduction of the
color interaction. This is achieved by gauging the the vector subgroup SUV (NC)
of SUL(NC)×SUR(NC). There are various methods to gauge the model. Here we
present two of them : a trial and error method, [49] and gauging via covariantizing
the current. Those methods are applicable also in the U(NFNC) bosonization
scheme.
(4.2a) Trial and error Noether method
The WZW action on SU(NC) group manifold is, as stated above, invariant
under the global vector transformation h → UhU−1 where U ⊂ SU(NC). Now
we want to vary h with respect to the associated local infinitesimal transformation
U = 1 + iǫ(x) = 1 + iTAǫA(x)
δǫh = i[ǫ, h] δǫh
−1 = i[ǫ, h−1] (4.3)
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The variation of the action S(0)[h] ≡ S[h] under such a transformation is obviously
given by:
δǫS
(0)[h] = −
∫
d2xTr(∂µǫJ
µ) (4.4)
where the Neother vector current is given by:
Jµ =
i
4π
{[h†∂µh + h∂µh†]− εµν [h†∂νh− h∂νh†]} (4.5)
We introduce now the first correction term S(1) given by
S(1) =
∫
d2xTr(AµJ
µ) δǫS
(1)[h] = −
∫
d2xTr[∂µǫ(J
µ + J
′µ)] (4.6)
The second part of eqn. (4.6) is the variation of S(1) which is derived using the
infinitesimal variation of the gauge field δAµ = −Dµǫ = −(∂µǫ + i[Aµ, ǫ]). J ′µ is
found to be:
J
′
µ =
−1
4π
{[h†Aµh + hAµh† − 2Aµ]− εµν [h†Aνh− hAνh†]} (4.7)
The second iteration will be by adding S(2) where now J
′µ is replacing Jµ.
S(2) =
∫
d2xTr(AµJ
′µ) δǫS
(2)[h] = −2
∫
d2xTr(∂µǫJ
′µ). (4.8)
It is therefore obvious that
δǫ[S
(0) + S(1) − 12S(2)] = 0 (4.9)
Hence S[h,Aµ] ≡ [S(0) + S(1) − 12S(2)] is given by
S[h,Aµ] =
1
8π
∫
d2xTr(DµhD
µh†) +
1
12π
∫
B
d3yεijkTr(h†∂ih)(h†∂jh)(h†∂kh)
− 1
4π
∫
d2xεµνTr[iA
µ(h†∂νh− h∂νh† + ih†Aνh)]
(4.10)
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which can also be written in light cone coordinates
S[h,A+, A−] = S[h] +
i
2π
∫
d2xTr(A+h∂−h† + A−h†∂+h)
− 1
2π
∫
d2xTr(A+hA−h† −A−A+)·
(4.11)
(4.2b) Gauging via covariantization of the Neother current
In four space-time dimensions the current, in terms of bosonic matrices, in-
volves up to third power[23] in the gauge potentials. In D space-time dimensions
the bare current will contain (D-1) derivatives and is gauged by replacing the or-
dinary derivatives with covariant derivatives and by adding terms which contain
products of Fµν with powers of h and h
† and covariant derivatives Dµh and Dµh†.
In two dimensions, however, there is no room for such terms in the gauge covariant
current, as these terms involve ǫµ1.....µD in D dimensions with one free index and
the others contracted with Fµν ’s and Dµ’s , and in two dimensions they cannot be
constructed. Therefore the covariantized current is given by:
Jµ(h,Aµ) =
i
4π
{[h†Dµh + hDµh†]− εµν [h†Dνh− hDνh†]} (4.12)
Knowing the current we deduce the action via Jµ =
∂S
∂Aµ
getting straightforwardly
eq. (4.11) .
Finally, we combine the gauged WZW action of the color group manifold, the
WZW of the flavor group manifold and the action term for the gauge fields, to get
the bosonic form of the action of massless QCD2. The well known fermionic form
of the action is (a mass term will be added later),
SF [Ψ, Aµ] =
∫
d2x{− 1
2e2c
Tr(FµνF
µν)− Ψ¯ai[(i 6∂+ 6A )ψi]a} (4.13)
where ec is the coupling constant to the color potentials (note it has mass dimen-
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sions in 1+1 space-time), and
Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν]
The bosonized action is
S[g, h, A+, A−] = NcS[g] +NFS[h]
+
NF
2π
∫
d2xTr[i(A+h∂−h† + A−h†∂+h)− (A+hA−h† −A−A+)]
− 1
2e2c
∫
d2xTrFµνF
µν ·
(4.14)
4.3. The strong coupling limit
So far we wrote the bosonic version of massless QCD2. It turns out that the
mass term plays an important role in the determination of classical soliton solutions
in 1+1 space-time dimensions. It is therefore required to switch on this term before
deducing the low energy effective action. As was explained in the last chapter this
we know how to do rigorously only in the scheme of U(NFNC). Nevertheless, we
want first to integrate over the gauge fields and high energy modes in the product
scheme eqn. (4.13). In the next section we repeat the derivation in the other
scheme. It will turn out that the product scheme can be used for the low mass
states in the strong coupling limit.
We first have to choose a gauge. We choose a light-cone gauge A− = 0. This
has two advantages, namely no Fadeev-Popov ghosts and also no interaction terms
quadratic in A. The latter fact makes it immediate to integrate out the gauge
potentials. Define H(x) by ∂−H = ih∂−h† with H(−∞, x−) = 0. Then also
H(∞, x−) = 0 for colorless states. Now we add the mass term as in eqn. (3.30) ,
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absorbing the U(1) factor in g, and then integrate out A+
[18] to obtain
S[g, h] = NcS[g] +NFS[h]
− 12(
NF ec
2π
)2
∫
d2xTr(H2) +m
′2Nµ
∫
d2x(TrgTrh+ Trh†Trg†)
(4.15)
where Trh is over color, Trg over flavor, etc. In the strong coupling limit ec/mq →
∞ the low energy effective action reads:
S[g] = NcS[g] +m
2Nm
∫
d2x(Trg + Trg†) (4.16)
The determination of the parameter m obtained after appropriate normal ordering,
will be explained in the next section. Note that the analog of our strong coupling
to the case of 3+1 space time, would be that of light current quarks compared to
the QCD scale ΛQCD.
4.4. Multiflavor QCD2 using the U(NF ×NC) Scheme
Let us now repeat the gauging of the SUV (NC) subgroup in the framework of
the U(NF ×NC) bosonization procedure.
Using the gauging prescription discussed in section 4.2 we get first the action
where the whole SU(NCNF ) is gauged, namely
S[u,A+, A−] = S[u] +
i
2π
∫
d2xTr(A+u∂−u† + A−u†∂+u)
− 1
2π
∫
d2xTr(A+uA−u† −A−A+) +m
′2Nm˜
∫
d2xTr(u+ u†)
(4.17)
where we have also added a mass term with m
′2 = mqcm˜. Now since we are
interested in gauging only the SU(NC) subgroup of U(NFNC), we take Aµ to be
related to the generator TD ⊂ SU(NC) via Aµ = ecADµ TD. We then add to this
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action the kinetic term for the gauge fields − 1
2e
′2
c
∫
d2xTr(FµνF
µν). e
′
c has the
appropriate form so that after tracing in flavor space the color gauge coupling is
obtained, namely e
′
c =
√
NF ec. The resulting action is invariant under:
u→ V (x)uV −1(x) Aµ → V (x)(Aµ − i∂µ)V −1(x) V (x) ⊂ SUV (NC)
(4.18)
u→WuW−1 W ⊂ U(NF ) (4.19)
The symmetry group is now SUV (NC)× U(NF ), just as for the gauged fermionic
theory. We choose the gauge A− = 0, so now the action takes the form:
S[u,A+] = S[u] +
1
e
′2
c
∫
d2xTr(∂−A+)2 +
i
2π
∫
d2xTr(A+u∂−u†)
+m
′2Nm˜
∫
d2xTr(u+ u†)
(4.20)
Upon the decomposition u = g˜h˜le
−i
√
4pi
NCNF
φ
we see that the current that couples
to A+ is h˜∂−h˜†. In terms of u it is the color projection (u∂−u†)C = 1NF TrF [u∂−u
†−
1
NC
TrCu∂−u†]. Thus the coupling of the current to the gauge field i2π
∫
d2xTr(A+h˜∂−h˜†).
To proceed we define H˜(x) by ∂−H˜ = ih˜∂−h˜†. We take the boundary conditions
to be H˜(−∞, x−) = 0 and then we integrate out A+ obtaining
S˜[u] = S[u]− ( ec
4π
)2NF
∫
d2xTr(H˜2)
+m
′2Nm˜
∫
d2xTr(u+ u†)
(4.21)
In the strong coupling limit ecmq → ∞ the fields in h˜ which contribute to H˜ will
become infinitely heavy. The sector g˜l ⊂ SU(NFNC)SU(NC) , however, will not acquire mass
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from the gauge interaction term. Since we are interested only in the light particles
we can in the strong coupling limit ignore the heavy fields, if we first normal order
the heavy fields at the mass scale µ˜ = ec
√
NF√
2π
. Using the relation, for a given
operator O,
(
µ˜
m˜
)∆Nµ˜O = Nm˜O (4.22)
to perform the change in the scale of normal ordering, and then substituting hab =
δab , we get for the low energy effective action:
Seff [u] = S[g˜] + S[l] +
1
2
∫
d2x∂µφ∂
µφ
+ cmqµ˜Nµ˜
∫
d2xTr(e
−i
√
4pi
NCNF
φ
g˜l + e
+i
√
4pi
NCNF
φ
l†g˜†)
. (4.23)
We can now replace the two mass scales mq and µ˜ by a single scale by normal
ordering at a certain m so the final form of the effective action becomes
Seff [u] = S[g˜] + S[l] +
1
2
∫
d2x∂µφ∂
µφ
+
m2
NC
Nm
∫
d2xTr(e
−i
√
4pi
NCNF
φ
g˜l + e
+i
√
4pi
NCNF
φ
l˜†g†)
(4.24)
with m given by:
m = [NCcmq(
ec
√
NF√
2π
)∆C ]
1
1+∆C (4.25)
here ∆C , the dimension of h˜, is
N2C−1
NC(NC+NF )
. For the l = 1 sector, defining g
′
=
g˜e
−i
√
4pi
NCNF
φ ⊂ U(NF ) one gets the effective action
Seff [g
′
] = NCS[g
′
] +m2Nm
∫
d2xTrF (g
′
+ g
′†) (4.26)
Thus, the low energy effective action in the l = 1 sector coincide with the result of
“naive” approach of the product scheme given by eqn. (4.15).
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5. The Baryonic Spectrum of Multiflavor QCD2
5.1. Classical Soliton solutions
We now look for static solutions of the classical action. For a static field
configuration
†
g(x) , the WZ term does not contribute. One way to see this is by
noting that the variation of the WZ term can be written as
δWZ ∝
∫
d2xεijTr(δg)g†(∂ig)(∂jg†) (5.1)
and for g that has only spatial dependence δWZ=0. Without loss of generality we
may take, for the lowest energy, a diagonal g(x) [50] ,
g(x) =
(
e
−i
√
4pi
NC
ϕ1
, ..., e
−i
√
4pi
NC
ϕNF
)
(5.2)
For this ansatz and with a redefinition of the constant term, the action density
reduces to
S˜d[g] = −
∫
dx
NF∑
i=1
[
1
2
(
dϕi
dx
)2 − 2m2
(
cos
√
4π
NC
ϕi − 1
)]
(5.3)
This is a sum of standard Sine Gordon actions [51] For each ϕi the well known
solutions of the associated equations of motion are:
ϕi(x) =
√
4NC
π
arctg[e
(
√
8pi
NC
mx)
] (5.4)
with the corresponding classical energy,
Ei = 4m
√
2NC
π
i = 1, ....NF (5.5)
Clearly the minimum energy configuration for this class of ansatz is when only one
† From here on we omit the prime from g′ so we denote g ∈ U(NF )
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ϕi is nonzero, for example:
g◦(x) = Diag(1, 1, ...., e
−i
√
4pi
NC
ϕ(x)
) · (5.6)
Conserved charges, corresponding to the vector current eqn.(3.11), can be com-
puted using the definition:
QA[g(x)] =
1
2
∫
dxTr(J0T
A), (5.7)
where TA/2 are the SU(NF ) generators and the U(1) baryon number is generated
by the unit matrix (instead of 12T
A in the equation). This follows from Jµ = J
A
µ T
A,
and in the fermionic basis JAµ = ψ¯γµ
1
2T
Aψ.
In particular, for eqn.(5.4) , we get charges different from zero only for QB and
QY corresponding to baryon number and “hypercharge” respectively:
Q◦B = NC Q
◦
Y = −
1
2
√
2(NF − 1)
NF
NC , (5.8)
these charges are determined solely by the boundary values of ϕ(x), which are:√
4π
NC
ϕ(∞) = 2π
√
4π
NC
ϕ(−∞) = 0 · (5.9)
Under a general UV (NF ) global transformation g◦(x) → g˜◦(x) = Ag◦(x)A−1
the energy of the soliton is obviously unchanged, but charges other than QB and
QY will be turned on. Let us introduce a parametrization of A that will be useful
later,
A =


z1
Aij
...
...
z(NF−1)
Y1 . . . . . . Y(NF−1) zNF


· (5.10)
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Now
g˜◦ = 1 + (e
−i
√
4pi
NC
ϕ − 1)z (5.11)
where (z)αβ = zαz
∗
β and from unitarity
∑NF
α=i zαz
∗
α=1. The charges with g˜◦(x) are:
(Q˜◦)A =
1
2
NCTr(T
Az) · (5.12)
Only the baryon number is unchanged. The discussion of the possible U(NF )
representations is clearly irrelevant here, since we are dealing so far with a classical
system. We will return to the question of possible representations after quantizing
the system.
5.2. Semi-classical quantization and the Baryons
The next step in the semiclassical analysis is to consider configurations of the
form
g(x, t) = A(t)g◦(x)A−1(t) A(t) ∈ U(NF ), (5.13)
and to derive the effective action for A(t). Quantization of this action corresponds
to doing the functional integral over g(x,t) of the above form. The effective action
for A(t) is derived by substituting g(x, t) = A(t)g◦(x)A−1(t) in the original action.
Here we use the following property of the WZ action[36,52]
S
[
AgB−1
]
= S
[
AB−1
]
+ S
[
g, A˜µ
]
(5.14)
where S[g] and S[g,A˜] are given by equations (3.2) and (4.10) respectively, with
43
the gauge field A˜µ given as:
iA˜+ = A
−1∂+A iA˜− = B−1∂−B A,B ∈ U(NF ) · (5.15)
Using the above formula for A=B, noting that S(AA−1=1)=0, and taking A = A(t)
∂+A = ∂−A =
A˙√
2
, (5.16)
we get
S˜
[
A(t)g◦(x)A−1(t)
]− S˜[g◦] =
NC
8π
∫
d2xTr
{
[A−1A˙, g◦][A−1A˙, g†◦]
}
+
NC
2π
∫
d2xTr
{
(A−1A˙)(g†◦∂1g◦)
} (5.17)
This action is invariant under global U(NF ) transformations A→ UA where
U ∈ G = U(NF ). This corresponds to the invariance of the original action under
g → UgU −1. On top of that it is also invariant under the local changes A(t) →
A(t)V(t) where V(t)∈ H= SU(NF -1)x UB(1)xUY (1) with the last two U(1) factors
corresponding to baryon number and hypercharge, respectively. This subgroup H
of G is nothing but the invariance group of g◦(x). In terms of g◦(x) and A(t) the
charges associated with the global U(NF ) symmetry, eq. (5.7), have the following
form:
QB = i
NC
8π
∫
dxTr
{
TBA
((
g†◦∂1g◦ − g◦∂1g†◦
)
+
[
g◦,
[
A−1A˙, g†◦
]])
A−1
}
(5.18)
The effective action eq. (5.17) is an action for the coordinates describing the
coset-space
G/H = SU(NF )× UB(1)/SU(NF − 1)× UY (1)× UB(1)
= SU(NF )/SU(NF − 1)× UY (1) = CPN ·
To see this explicitly we define the Lie algebra valued variables qA through A−1A˙ =
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i
∑
TAq˙A. In terms of these variables (5.17) takes the form (the part that depends
on qA):
Sq =
∫
dt

 1
2M
2(NF−1)∑
A=1
(q˙A)2 −NC
√
2(NF − 1)
NF
q˙Y


1
2M
=
NC
2π
∞∫
−∞
(1− cos
√
4π
NC
ϕ)dx =
√
2
m
(
NC
π
)3/2
(5.19)
The sum is over those qA which correspond to G/H generators and qY is associated
with the hypercharge generator. Although the qA seem to be a “natural” choice of
variables for the action eq. (5.17), which depends only on the combination A−1A˙,
they are not a convenient choice of variables. The reason for that is the explicit
dependence of the charges (5.18) on A−1(t) and A(t) as well as on A−1A˙(t).
Instead we found that a convenient parametrization is that of (5.10) . One can
rewrite the action (5.17), as well as the charges (5.18), in terms of the z1,........,zNF
variables, which however are subject to the constraint
∑NF
α=1 zαz
∗
α =1. Thus
S˜
[
A(t)g◦A−1(t)
]− S˜[g◦] = S[zα(t), ϕ(x)] (5.20)
where
S [zα(t), ϕ(x)] =
NC
2π
∫
d2x{(1− cos
√
4π
NC
ϕ)[z˙∗αz˙α
− (z∗γ z˙γ)(z˙∗βzβ)]− i
√
4π
NC
ϕ′z∗αz˙α}
(5.21)
We can do the integral over x and rewrite (5.21) as follows:
S[zα(t)] =
1
2M
∫
dt[z˙∗αz˙α − (z∗γ z˙γ)(z˙∗βzβ)]− i
NC
2
∫
dt(z∗αz˙α − z˙∗αzα) (5.22)
where 1/M is defined in equation (5.19). The first term in (5.22) is the usual
CPNF−1 quantum mechanical action, while the second term is a modification due
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to the WZ term, as obtained from eq.(4.16). Similarly we express the U(NF )
charges in terms of the z variables, using equation (5.18) :
QC =
1
2
TCβαQαβ
Qαβ = NCzαz
∗
β +
i
2M
[zαz
∗
β(z
∗
γ z˙γ − z˙∗γzγ) + zαz˙∗β − z∗β z˙α]
(5.23)
Of course the symmetries of S[z] are the global U(NF ) group under which
zα → z′α = Uαβzβ U ∈ U(NF ) (5.24)
and a local U(1) subgroup of H under which:
zα → z′α = eiδ(t)zα · (5.25)
As a consequence of the gauge invariance one can rewrite the action in a covariant
form
S[zα] =
1
2M
∫
dtTr (Dz)†Dz + iNC
∫
dtTr z˙†z, (5.26)
where
(Dz)α = z˙α + zα(z˙
⋆
βzβ), (5.27)
Constructing Noether charges of the U(NF ) global invariance of (5.24) out of
the action (5.26) leads to expressions identical with (5.23) . Note that in eqn.
(5.27) we can view z˙⋆βzβ = ia(t) as a composite U(1) gauge potential.
Now let us count the degrees of freedom. The local U(1) symmetry allows
us to take one of the z’s to be real, and the constraint
∑
α zαz
∗
α=1 removes one
more degree of freedom, so altogether we are left over with 2NF − 2 = 2(NF −
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1) physical degrees of freedom. This is exactly the dimension of the coset-space
SU(NF )
SU(NF−1)×U(1) . The corresponding phase space should have real dimension of
4(NF − 1). Naively, however, we have a phase space of 4NF dimensions and,
therefore, we expect 4 constraints. There are several methods of quantizing systems
with constraints. Here we choose to eliminate the redundancy in the z variables
and then invoke the canonical quantization procedure. (For a different procedure
see [53]). But before following these lines let us briefly describe another method,
through the use of Dirac’s brackets. We outline the classical case. The quantum
case is obtained by replacing { , } with i[ , ]. The first step in this prescription
is to add to the Lagrangian a term of the form λ(
∑
α zαz
∗
α − 1), in which case the
conjugate momentum Πλ of the Lagrange multiplier vanishes. By requiring that
this condition be preserved in time one get the constraint Φ1 = (
∑
α zαz
∗
α−1) = 0.
further imposing Φ˙1 = {Φ1, H}P = 0, where { }P denotes a Poisson bracket, one
finds another second class constraint Φ2 = Π · z + z† · Π†. In addition there is
a first class constraint Φ3 = Π · z − z† · Π†, which corresponds to the local U(1)
invariance of the model. Fixing this symmetry one gets an additional constraint
Φ4. For instance one can choose the unitary gauge Φ4 = zNF −z∗NF . The next step
is to compute the constraint matrix {Φi,Φj}P = cij . In the constrained theory, the
brackets between F and G are replaced by the Dirac brackets of those operators,
given by :
{F,G}D = {F,G}P − {F, χi}P (c−1ij ){χj, G}P (5.28)
where c−1ij is the inverse of the constraint matrix. Imposing the constraints as
operator relations it is easy to see that zNF ,ΠNF and their complex conjugates can
be eliminated. The brackets for the rest of the fields coincide [54] with the results
we derive below, when eliminating the constraints explicitly.
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We now describe in some details the quantization of the system using uncon-
strained variables. We want to choose a set of new variables so that the constraint∑NF
α=1 zαz
∗
α=1 is automatically fulfilled. There is a standard choice of such vari-
ables, namely[55] (for i = 1, ....NF − 1)
zi =
ki√
1 +X
z∗i =
k∗i√
1 +X
zNF =
eiχ√
1 +X
where X =
NF−1∑
i=1
k∗i ki·
(5.29)
The ki, k
∗
i and χ are 2NF−1 real variables with no constraints on them. The phase
space will now have dimension 2(2NF − 1) and we still have extra two constraints.
After some straightforward algebra we can write[54]
S[k, k∗, χ] =
∫
dtL(k, k∗, χ)
L(k, k∗, χ) =
1
2M
k˙∗i hij k˙j − i
NC
2
k∗i k˙i − k˙∗i ki
1 +X
+
1
2M
X
(1 +X)2
χ˙2 + χ˙{ i
2M
k∗i k˙i − k˙∗i ki
(1 +X)2
+
NC
1 +X
}
(5.30)
where
hij =
δij
1 +X
− kik
∗
j
(1 +X)2
· (5.31)
The local U(1) transformations of the z variables transcribe into the transforma-
tions
δχ = ǫ(t); δki = iǫ(t)ki; δk
∗
i = −iǫ(t)k∗i (5.32)
and δL = −NC ǫ˙ just as in terms of the z variables. This local U(1) symmetry can
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be made manifest by defining the covariant derivatives
Dki = k˙i − iχ˙ki Dk∗i = k˙∗i + iχ˙k∗i (5.33)
The lagrangian can then be recast in a manifestly gauge invariant form:
L(k, k∗, x) =
1
2M
Dk∗i hijDkj − i
NC
2
k∗iDki − (Dk∗i )ki
1 +X
+NCχ˙ · (5.34)
Although one can now fix the gauge, for instance χ˙ = 0, we will continue to work
with (5.34) . The conjugate momenta are given by
πi =
∂L
∂k˙i
=
1
2M
Dk∗jhji − i
NC
2
k∗i
1 +X
π∗i =
∂L
∂k˙∗i
=
1
2M
hij Dkj + i
NC
2
ki
1 +X
πχ =
∂L
∂χ˙
=
i
2M
(k∗i hijDkj −Dk∗i hijkj) +NC
1
1 +X
(5.35)
Since hij is invertible we can solve forDk
∗
i , Dki in term of the phase space variables
Dk∗i = 2M [πj + i
NC
2
k∗j
1 +X
]h−1ji
Dki = 2Mh
−1
ij [π
∗
j − i
NC
2
kj
1 +X
]
(5.36)
where
h−1ij = (1 +X)(δij + kik
∗
j ) (5.37)
Also
πχ = i(k
∗
i π
∗
i − πiki) +NC (5.38)
giving the constraint equation
ψ = πχ − i(k∗i π∗i − πiki)−NC = 0 (5.39)
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The canonical Hamiltonian is given by
Hc = πik˙i + π
∗
i k˙
∗
i + πχχ˙− L
= 2M [πi + i
NCk
∗
i
2(1 +X)
]h−1ij [π
∗
j − i
NCkj
2(1 +X)
]
+ χ˙[πχ − i(π∗i k∗i − πiki)−NC ]
(5.40)
and this can be further simplified to:
Hc = 2M(1 +X)[πiπ
∗
i + (πiki)(π
∗
i k
∗
i )
− iNC
2
(πiki − π∗i k∗i ) +
1
4
N2CX
(1 +X)
] + χ˙ψ
· (5.41)
Here Hc is obtained explicitly in terms of the canonical variables ki, k
∗
i , πi, π
∗
i . The
χ˙ψ term indicates that χ˙ also behaves as a Lagrange multiplier since, following the
Dirac procedure, we should define
HT = Hc + λ(t)ψ (5.42)
where λ is a priori an arbitrary function of t. We could absorb the χ˙ in λ.
Quantization of this Hamiltonian is now essentially straightforward. Let us
first consider the symmetry generators Qαβ , which in terms of the new canonical
variables take the form
Qij = i(kiπj − π∗i k∗j )
Qi,NF = e
−iχ[
NCki
2
− i(π∗i + kiπjkj)]
QNF ,i = e
iχ[
NCk
∗
i
2
+ i(πi + k
∗
jπ
∗
jk
∗
i )] = Q
∗
i,NF
QNF ,NF = NC − i(πiki − π∗i k∗i )
(5.43)
We will now show that the HT can be expressed in terms of the second Casimir
operator of the SU(NF ) group.
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The second U(NF ) Casimir operator is related to charge matrix elements Qαβ
in the following way:
QAQ
A =
1
2
QαβQβα (5.44)
A straight forward substitution gives:
1
2
QαβQβα = (1 +X)[π
∗
i πi + πikiπ
∗
jk
∗
j
− iNC
2
(πiki − π∗i k∗i )] +
1
2
N2C(1 +
X
2
)
(5.45)
Therefore, the Hamiltonian is:
HT = 2M [Q
AQA − N
2
C
2
] + λ(t)ψ (5.46)
Denoting the SU(NF ) second Casimir operator by C2, and using QAQ
A = C2 +
1
2NF
(QB)
2 we get:
HT = 2M [C2 −N2C
(NF − 1)
2NF
] (5.47)
The fact that HT is, up to a constant, the second Casimir operator, is another
way to show that the charges Qαβ are conserved. These conserved charges will
generate symmetry transformations via:
δki = i[Tr(ǫQ), ki] δk
∗
i = i[Tr(ǫQ), k
∗
i )]
δχ = i[Tr(ǫQ), χ]
(5.48)
and similar equations for the momenta πi, π
∗
i , πχ. Here ǫij =
1
2ǫ
ATAij is the matrix
of parameters. The transformation laws are derived using the constraint equation
ψ=0 after performing the commutator calculations. Notice that Qij and QNF ,NF
are linear in coordinates and momenta and therefore, the SU(NF−1)×UY (1) trans-
formations they generate are linear. The QNF ,i and Qi,NF charges, on the other
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hand, have cubic terms as well (quadratic in coordinates), so that the coset-space
transformations of
SU(NF )
SU(NF−1)×U(1) are non-linear. This is a well known property of
CPn models. Substitution of Qαβ in equation (5.48) gives:
δkl = i[ǫjikiδjl + e
iχǫiNF δil − e−iχǫNF ikikl − ǫNFNF kl] (5.49)
where we used i[k, π]=1. Inversely, starting with these transformation laws it
is easy to verify the invariance of the action. The standard Noether procedure
then gives the charges Qαβ in terms of the coordinates and velocities, which (not
suprisingly) coincide with those given in equation (5.43) . One could also deduce
these transformation laws by making the change of variables zα, z
∗
α → ki, k∗i , χ in
(5.23) directly.
One can verify that
[QA, QB] = ifABCQC (5.50)
where fABC are the structure constants of the U(NF ) group.
Do we have further restrictions on the physical states? We shall see now that
in fact we do have. Remember that our lagrangian (5.34) includes an auxiliary
gauge field A◦ ≡ χ˙ and thus has to obey the associated Gauss law:
∂L
∂A◦
=
∂L
∂χ˙
= πχ = NC − i(πiki − π∗i k∗i ) = 0 (5.51)
Since πχ is a linear combination of QB and QY , and the first is constrained to be
QB = NC , the QY is restricted as well. More specifically, QY = Q¯Y , with
Q¯Y =
1
2
√
2
(NF − 1)NF NC · (5.52)
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5.3. The baryonic spectrum
The masses of the baryons (5.5) and (5.47), and the two constraints on the
multiplets of the physical states, namely QB = NC and that the multiplets contain
QY = Q¯Y =
1
2
√
2
(NF−1)NFNC , are the main results of the last section. All states
of the multiplet with QY 6= Q¯Y will be generated from the state QY = Q¯Y by
SU(NF ) transformations as in eq. (5.13) . Using the above constraints we can
investigate now what possible representations will appear in the low energy baryon
sector. Considering states with quarks only (no antiquarks), the requirement of
QB = NC implies that only representations described by Young tableau with
NC boxes appear. The extra constraint QY = Q¯Y implies that all NC quarks
are from SU(NF − 1), not involving the NF th. These are automatically obeyed
in the totally symmetric representation of NC boxes. In fact, this is the only
representation possible for flavor space,[56]since the states have to be constructed
out of the components of one complex vector z as
∏NF
i=1 z
ni
i with
∑
i ni = NC . See
also more detailed discussion in the next section. For another way of deriving this
result see section (5.5). Thus for NC = 3, NF = 3 we get only 10 of SU(3). This
is understandable, since there is no physical spin in two dimensions.
What about the masses of the baryons? The total mass of a baryons is given
by the sum of (5.5) and (5.47) namely
E = 4m
√
2NC
π
+m
√
2
√(
π
NC
)3 [
C2 −N2C
(NF − 1)
2NF
]
· (5.53)
For large NC , the classical term behaves like NC , while the quantum correction
like 1. This will be worked out in section (5.5). That the total mass goes like NC
for large NC , and that the quantum fluctuations are
1
NC
of the classical result, is
in accord with general considerations (see ref. [58] ).
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5.4. Flavor quark content of the baryons
A measure of the quark content of a given flavor qi in a baryon state |B〉 is
given by
〈q¯iqi〉B =
∫
dx 〈gii〉B −
∫
dx 〈gii〉0
=
∫
dxz∗i zi
〈[
e
−i
√
4pi
NC
φc − 1
]〉
B
(5.54)
= const. 〈z∗i zi〉B
In order to make contact with the real world, we take here NC = 3 and NF =
3, getting the baryons in the 10 representation of flavor. Similarly, for SUF (2)
there is only the isospin 32 representation.
[48] This is what we would expect from
na¨ıve quark model considerations. The total wave function must be antisymmetric.
Baryon is a color singlet, so the wavefunction is antisymmetric in color and it must
be symmetric in all other degrees of freedom. There is no spin, so the baryon
must be in a totally symmetric representation of the flavor group, a 10 for three
flavors.[21]Therefore, strictly speaking there is no state analogous to the proton.
On the other hand, there is a state which is the analogue of the ∆+, namely the
charge 1 state in the 10 representation, z21z2. The 10 is the lowest baryon multiplet
in QCD2. In the following we shall be dealing with the relative weight of a given
flavor in some baryon state . Thus, 〈q¯q〉B will henceforth stand for the ratio
〈q¯q〉B〈
u¯u+ d¯d+ s¯s
〉
B
For ∆+ ∼ z21z2 we obtain[21]
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〈s¯s〉∆+ =
∫
d2z1d
2z2|z3|2(z21z2)(z21z2)∗∫
d2z1d
2z2(z
2
1z2)(z
2
1z2)
∗
=
1
6
(5.55)
as well as
〈u¯u〉∆+ =
1
2
〈
d¯d
〉
∆+
=
1
3
(5.56)
In evaluating the integral in the numerator in eq. (5.55) we have used |z3|2 =
1 − |z1|2 − |z2|2, which follows from the unitarity of the matrix A in eq. (5.13)
Similarly, for ∆++ ∼ z31 we have
〈u¯u〉∆++ =
2
3
〈
d¯d
〉
∆++
=
1
6
〈s¯s〉∆++ =
1
6
(5.57)
In the constituent quark picture ∆++ contains just three u quarks. Both the
d-quark and the s-quark content of the ∆++ come only from virtual quark pairs.
Therefore in the SU(3)-symmetric case 〈s¯s〉∆++ =
〈
d¯d
〉
∆++
, and 〈s¯s〉∆+ = 〈s¯s〉∆++,
as expected.
From eqn. (5.57) one can also read the results for Ω− ∼ z33 , by replacing u↔ s.
In the general case of NF flavors and NC colors, one obtains
[21]
〈(q¯q)sea〉B =
1
NC +NF
, (5.58)
where (q¯q)sea refers to the non-valence quarks in the baryon B. Moreover, one can
also compute flavor content of valence quarks. Consider a baryon B containing k
quarks of flavor v. The v-flavor content of such a baryon is
〈v¯v〉B =
k + 1
NC +NF
(5.59)
This implies an “equipartition” for valence and sea, each with a content of 1/(NC+
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NF ). It also follows that the total sea content of NF flavors is
NF∑
q=1
〈(q¯q)sea〉B =
NF
NC +NF
(5.60)
which goes to zero for fixed N and NC →∞, as expected.
It is interesting to compare these results with the Skyrme model in 3+1
dimensions.[59−61] For the proton[59]
〈u¯u〉3+1p =
2
5
〈
d¯d
〉3+1
p
=
11
30
〈s¯s〉3+1p =
7
30
(5.61)
and for the ∆ [61]
〈s¯s〉3+1∆ =
7
24
〈s¯s〉3+1Ω− =
5
12
(5.62)
The qualitative picture is similar, although the s¯s content in the non-strange
baryons is lower in 1 + 1 dimensions. One may speculate that in 1 + 1 dimensions
the effects of loops are smaller than in 3 + 1 dimensions, since the theory is super-
renormalizable and there are only longitudinal gluons. In the SUF (3)-symmetric
limit the strange quark content of baryons with zero net strangeness is significant,
albeit smaller than that of either of the other two flavors. The situation obviously
is reversed for Ω−.
In the real world the current mass of the strange quark is much larger than
the current masses of u and d quarks. It is natural to expect that this will have
the effect of decreasing the strange quark content from its value in the SUF (3)
symmetry limit. We do not know the exact extent of this effect, but it is likely
that the strange content decreases by a factor which is less than two. This estimate
is based on both explicit model calculations[60−61] and what we know from PCAC,
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namely that the analogous quark bilinear expectation values in the vacuum are not
dramatically different from their SU(3) symmetric values:
0.5 <∼
〈s¯s〉0
〈u¯u〉0
<∼ 1 (5.63)
5.5. Multibaryons
Let us now explore the possibility of having multi-baryons states. The pro-
cedure follows similar lines to that of the baryonic spectrum, namely, we look for
classical solution of the equation of motions with baryon number kNC and then
we semiclassically quantize it. The ansatz for the classical solution of the low lying
k-baryon state is[20]taken now to be
g0(k) =


(NF−k)︷ ︸︸ ︷
1
. . .
k︷ ︸︸ ︷
exp[−i( 4πNC )
1
2ϕc]
. . .

 , (5.64)
For the semi-classical quantization we generalize the parametrization given in (5.10)
to the following
A =

Aij ziα

 , (5.65)
where i represents the rows (1, . . . , NF ) and α the columns (NF − k + 1, . . . , NF ).
The effective action in its covariant form (5.26) becomes[20]
S[zα] =
1
2M
∫
dtTr (Dz)†Dz + iNC
∫
dtTr z˙†z, (5.66)
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where now, instead of eqn. (5.27)
(Dz)iα = z˙iα + ziβ(z˙
⋆
jβzjα), (5.67)
Using the same steps as those which led to (5.47) one finds now the Hamiltonian[20]
H = 2M
[
C2(NF ) −
N2C
2NF
k(NF − k)
]
+ kEc, (5.68)
with Ec the classical contribution for one baryon, the first term in (5.53).
It was shown in ref. [20] that the allowed k-baryon states contain (kNC) boxes
in the Young tableaux representation of the flavour group SU(NF ). Let us recall
that this result followed from the constraint implied by the local invariance
ziα → eiδ(t) ziα. (5.69)
Performing a variation corresponding to this invariance we find that the action S
changes by
∆S = (kNC)
∫
δ˙ dt. (5.70)
This means that the Nz number is equal to (kNC). Thus for any wave function,
written as a polynomial in z and z⋆, the number of z’s minus the number of z⋆’s
must equal (kNC). Note that for k = 1 the transformation (5.69) represents also
the N thF flavor number. Thus (5.70) entails that the representation contains a
state with NC boxes of the NF flavor, and therefore must be the totally symmetric
representation.
Now, the effective action (5.66) is invariant under a larger group of local trans-
formations. In fact, we have extra (k2− 1) generators, which correspond to SU(k)
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under which (5.66) is locally invariant. This can be exhibited by defining[56]“local
gauge potentials”
A˜βα(t) = −(z†z˙)βα. (5.71)
Then
Dz = z˙ + z A˜. (5.72)
Under the local gauge transformation corresponding to Λ(t), A˜ transforms as
A˜(t) → eiΛA˜e−iΛ + (∂teiΛ) e−iΛ. (5.73)
Then we have
(Dz)iα → (Dz)iβ(e−iΛ)βα (5.74)
and so ∆S = 0. If we perform the U(1) transformation (5.69) we obtain a con-
tribution (5.70) from the Wess-Zumino term, which implies Nz = (kNC). But
due to the larger local symmetry we have more restrictions; they imply that the
allowed states have to be singlets under the above mentioned SU(k) symmetry.
This is analogous to the confinement property of QCD, which tells that, due to the
non-abelian gauge invariance, the physical states have to be colour singlets. Here
we have analogous singlet structure of the SU(k) in the flavour space. Taking a
wave function that has z’s only (analogous to quarks only for QCD), it must be of
the form
ψk(z) =
NC∏
i=1
(
ǫα1...αkzi1α1 ...zikαk
)
, (5.75)
for a given set of 1 ≤ i1, ..ik ≤ NF .
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The most general state will be then of the form
ψ˜(z, z⋆) = ψk(z)[
∏
{i,j}
(z⋆iαzjα)
nij ], (5.76)
and the products are over given sets of indices.
Let us now compute the mass of the state represented by (5.75). Using the
explicit formula from ref.[57], we obtain
E[ψk] = 2M
[k(NF − k)
2NF
N2C +
k(NF − k)
2
NC
− N
2
C
2NF
k(NF − k)
]
+ kEc
=Mk(NF − k)NC + kEc.
(5.77)
To obtain binding energies, consider our k-baryon as built from constituents
kr, such that k =
∑
r kr. Then
B[k|kr] = −(MNC)
[
k2 −
∑
i
k2i
]
= −(2MNC)
∑
r>s
krks
(5.78)
When all kr = 1, the sum gives us
1
2k(k − 1), i.e. the number of one-baryon pairs
in the k-baryon state. Note that the binding energy is always negative, thus the
k-baryon is stable. The maximal binding corresponds to the case when all kr = 1.
Note also that in the NC → ∞ limit, the binding tends to a finite value, since
then
lim
NC→∞
(2MNC) = (CmeC)
1
2
(2NF
π
) 1
4π
3
2 . (5.79)
Let us take as an example an analogue of a deutron i.e. a di-baryon k = 2.
Then taking NC = 3, NF = 2 we find that its representation is a flavour singlet
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(this is the limiting case of k = NF ). The ratio of the binding to twice the baryon
mass is given by
ǫ2 =
1
1 + 24π2
= 0.29. (5.80)
For k = 2, NC = 3 and NF = 3 we find that the di-baryon is represented by 10
and the ratio is given by
ǫ3 =
1
2 + 24π2
= 0.23. (5.81)
For general NF we obtain
ǫF =
1
(NF − 1) + 24π2
=
1
NF + 1.43
. (5.82)
Finally, let us make the following comment. The ratio of the quantum fluctu-
ations term to the classical term, in the expression for the mass eq.(5.77), is given
by
Quantum Corrections
Classical Term
=
(
π2
8
)
NF − k
NC
. (5.83)
Thus, we do not expect our approximations to hold in the region NF ≥ (NC + 1).
We expect it to start for NC ≥ NF , and to be good in the region NC ≫ NF .
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6. Summary and Conclusions
One of the outstanding problems of high energy physics is the derivation of the
hadronic spectrum from QCD, the underlying theory. A large variety of methods
have been used to address this question, including lattice gauge simulations, low
energy effective Lagrangians like the Skyrme model and chiral Lagrangians, QCD
sum rules etc. In spite of this major effort the gap between the phenomenology and
the basic theory has been only partially bridged. Another direction that has been
taken in order to gain insight into the problem is a lower dimensional analogous
system QCD2.
The study of two dimensional problems to improve the understanding of four
dimensional physical systems was found to be fruitful. For example the study of
spin systems in two dimensions shed light on four dimensional gauge field theories.
Obviously, physics in two dimensions is simpler than that of the real world since
the underlying manifold is simpler and since the number of degrees of freedom
of each field is smaller. There are some additional simplifying features in two
dimensional physics. In one space dimension there is no rotation symmetry and
no angular momentum. The light cone is disconnected and is composed of left
moving and right moving branches. Therefore, massless particles are either on one
branch or the other. These two properties are the basic building blocks of the
idea of transmutation between systems of different statistics. Also, the ultra-violet
behaviour is more convergent in two dimensions, making for instance QCD2 a
superconvergent theory.
Bosonization is the formulation of fermionic systems only in terms of bosonic
variables and fermionization is just the opposite process. The study of bosonized
physical systems offers several advantages:
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(1) It is usually easier to deal with commuting fields rather than anti-commuting
ones.
(2) In certain examples like the Thirring model the fermionic strong coupling regime
turns into the weak coupling one in its bosonic version, the Sine-Gordon model.
(3) The non-abelian bosonization, especially in the product scheme, offers a sepa-
ration between colored and flavored degrees of freedom, which is very convenient
for the analyzing low lying spectrum.
(4) Baryons composed of NC quarks are a many-body problem in the fermion lan-
guage, while simple solitons in the boson language.
(5) One loop fermionic computations involving the currents turn into tree level
consideration in the bosonized version. The best known example of the latter are
the chiral ( or axial) anomalies.
An important question that has to be addressed when applying bosonization
methods is to what extent are the two formulations equivalent. Let us first demon-
strate this equivalence in simple “physical” terms for the example of the zero charge
sector of a massless Dirac fermion Fock space. A wave function of a state com-
posed of a fermion and its anti-particle having together zero fermionic charge and
moving in the same direction, never spreads and the two particles will never sep-
arate. They are therefore indistinguishable from a free massless boson. A more
rigorous argument of the equivalence of the fermionic and bosonic formulations
of colored-flavored Dirac fermions was given in terms of their algebraic structure.
It was shown that the currents and energy-momentum tensor of the two pictures
correspond to the same representation of the Kac-Moody and Virasoro algebras.
In both cases the energy momentum tensor is quadratic in the currents. Using cur-
rent algebra and conformal symmetry Ward identities guarantee that correlation
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functions of currents in the two formulations coincide. The equivalence properties
for the massive theory are less obvious. As reviewed in this article, the bosoniza-
tion of the mass term in the “product scheme” failed to reproduce the fermionic
correlators of mass bilinears. The U(NC × NF ) scheme, however, is e free from
such a problem. The equivalence of the gauged theories was argued by integrating
the matter degrees of freedom in the bosonic and fermionic versions. The derived
effective actions in the bosonic description where equal to those of the fermion
models in various different regularization schemes.
QCD2 was addressed first in the fermionic formulation. In his seminal work
’t Hooft deduced the mesonic spectrum in the large Nc limit. However, it seems
that it is easier to analyze the baryonic physical states in the bosonic language.
The extraction of the baryonic spectrum and wave functions from the low energy
effective action is similar to the steps taken in the Skyrme model. It is worth men-
tioning again that whereas in the four dimensional case it is only an approximated
model derived by an “educational guess”, in two dimension the action at the strong
coupling regime is exact.
In spite of the progress that has been made in the understanding of QCD2
there are still several interesting open questions. The incorporation of more com-
plicated mass matrices and higher order corrections to the mqec → 0 limit, are
examples of such questions that are intimately related to the analysis presented in
the review. Possible relations of the low-energy effective action to some massive
two dimensional integrable models requires further exploration since it may lead
to the full solution (not semi-classical) of the strong coupled QCD2. One may
attempt to write down the full bosonized standard model in two dimension namely
to incorporate the electroweak interaction as well. This extension of QCD2 faces
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the difficulty of chiral bosonization. Nevertheless, one may gain in this way some
further insight on the real world standard model. Obviously, the most interesting
task is to extract useful methods and that are applicable to the four dimensional
theory. As mentioned in the introduction, bosonization techniques were applied
to four dimensional systems, like monopole induced proton decay and fractional
charges induced on monopoles by light fermions. So far not much has been achieved
in the application to QCD4 . The identification of hadronic systems that may be
approximated by a bosonized two dimensional systems is still an open question
which deserves further investigation.
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